Experimental observations of vortex breakdown in a rotating lid-driven cavity are presented. The results show that vortex breakdown for cavities with high aspect ratios is associated with the appearance of stable helical vortex multiplets. By using results from stability theory generalizing Kelvin's problem on vortex polygon stability, and systematically exploring the cavity flow, we succeeded in identifying two new stable vortex breakdown states consisting of triple and quadruple helical multiplets.
Introduction
Vortex breakdown is a phenomenon that appears in many practical problems in aerodynamics, geophysics and engineering sciences. For example, it is observed in tip vortices behind wings and propellers, in atmospheric tornadoes and cyclones, and in flame-holders in combustion devices. Vortex breakdown is characterized by a structural change of the vortex core, associated with an abrupt deceleration of the axial velocity on the vortex axis, which sometimes develops into a recirculation zone. The two predominant breakdown configurations, namely the bubble and the spiral, were first identified by Lambourne & Bryer (1961) over delta wings. Later, in a pipe flow, Sarpkaya (1971) observed a third type: the double helix. Although now seven different states of vortex breakdown have been identified (Faler & Leibovich 1978; Sarpkaya 1995; Khoo et al. 1997) , only one of them, the double helix, contains stable multiple modes.
A simple experimental means to study the appearance of vortex breakdown is to create a swirling flow by rotating an end-wall in a cylindrical enclosure (see figure 1) . In this experiment the rotating lid forces the fluid to perform a rotating motion around the centre axis. Due to centrifugal forces the fluid close to the lid moves away from the centre, causing as a result a meridional circulation. The fluid then travels downwards along the outer wall and turns inwards near the fixed bottom. Close to the centre axis it rises vertically, forms a concentrated vortex structure due to the conservation of angular momentum, and returns to the rotating lid. Changes of the flow structures depend on two parameters: the aspect ratio of container height to disk radius H/R D , and the Reynolds number, Re = Ω(R D ) 2 /ν, where Ω is the angular velocity of the disk and ν is the kinematic viscosity of the working fluid. Using this † Email address for correspondence: jns@mek.dtu.dk configuration, Escudier (1984) observed bubble breakdown with multiple recirculation zones, consisting of up to three axisymmetric recirculating breakdown structures. He mapped the various regions on a Reynolds number versus aspect ratio diagram in which he also depicted the boundary at which the flow becomes unsteady. Escudier, however, limited the experiments to aspect ratios between 1.0 and 3.5. Later studies, by e.g. Lopez (1990 Lopez ( , 2006 and Sørensen, Naumov & Mikkelsen (2006) , confirmed and extended the observations of Escudier, but did not detect new breakdown states. In a recent study we focused the investigation on higher aspect ratios, with H/R D going from 3.3 to 5.5, and compared the observed critical Reynolds numbers to values obtained from numerical simulations (Sørensen et al. 2009 ).
In the present study two new experimental set-ups have been designed, which allow us in a systematic manner to detect multiple helix modes, or vortex multiplets, associated with vortex breakdown in swirl flows. We base this search on the results from a stability analysis (Okulov 2004; Okulov & Sørensen 2007) showing that an assigned vortex flow can significantly enhance the stability of vortex multiplets. First, a full theoretical analysis of the effect of an intensively swirling assigned flow is performed to determine the stability properties of multiplets. Next, the results of this analysis have been used experimentally to study the various flow regimes appearing in a closed cylindrical cavity with a rotating lid. As a result, we have detected new flow regimes with pronounced stable multiple helical modes of vortex breakdown.
Theoretical background
There have been many attempts to discover new states of vortex breakdown, including regimes with multiple modes. For example, in a swirling jet, a triple mode was identified to appear just before the onset of vortex breakdown (Billant, Chomaz & Huerre 1998) . However, in most cases a complex and unsteady regime prevails which involves a competition between double and triple helical modes, which makes it extremely difficult to identify and study multiple vortex modes. Hence, a prerequisite for detecting stable breakdown configurations is to look for possible equilibrium states of vortex systems. A simplification of the stability problem is to study the steady rotation of an N-gon of point vortices (or rectilinear vortex filaments). The first investigation of steady point vortex configurations dates back to the work of Lord Kelvin (1878) written partially in view of his vortex atom theory. Later Thomson (1883) won the Adams prize for a proof on the existence of linear stability of an array of polygonal point vortices for N < 7. A complete analysis of the stability for point vortices was later carried out by Havelock (1931) , who determined the well-known stability condition as
for any s, where s ∈ [0, N − 1] is the sub-harmonic wavenumber of the vortex polygon disturbances. The task of finding regular equilibrium structures consisting of identical vortices in real fluids (including the search for multiple modes associated with vortex breakdown) encounters considerable difficulties, and this problem is still far from being exhaustively studied. The difficulties are related to various factors, primarily to the fact that rectilinear vortex configurations in real liquids take various spiral forms, of which the most frequently encountered is the helical vortex. Helical vortices can form different equilibrium systems, consisting of identical cores with axes lying on a common generating cylinder in the form of doublets, triplets or multiplets. Such vortex structures represent helical counterparts to point vortex polygons, which, in the limit as the helical pitch tends to infinity, completely coincide with these polygons. However, the conditions for existence of stable helical vortex multiplets depend on the helical pitch and are thus more stringent than for point vortices. Recently it was shown (Okulov 2004 ) that stable vortex multiplets comprising up to seven vortices may exist for sufficiently large values of the dimensionless torsion of the helix axis (defined as the ratio between the helical pitch 2πl and the generating cylinder circuit 2πR, in accordance with the notation shown in figure 2 ). As the number of vortices in the multiplet increases, the critical torsion value (under which the multiplet becomes unstable) increases, and multiplets consisting of seven or more helical vortices become unconditionally unstable for any finite value of the torsion. The instability makes it a very difficult task to detect and study multiple helix modes during vortex breakdown. We base our search on the results from the stability analysis by Okulov & Sørensen (2007) showing that the ambient swirl flow can significantly enhance the stability of vortex multiplets.
As basis for the stability analysis, an assigned swirl flow (figure 2) is represented by an analytical solution describing a columnar helical vortex having the same helical pitch, 2πl, as the vortex multiplets, and a Gaussian distribution of the axial vorticity component. In a cylindrical coordinate system (r, θ, z), this results in the following expression:
This generates the following azimuthal (w θ ) and axial (w z ) velocity components:
This class of one-dimensional solutions (2.3) describes a columnar vortex structure with a dense distribution of helical vortex lines of pitch 2πl, effective vortex core radius R 0 , and a total circulation Γ 0 (Kuibin & Okulov, 1996; or Alekseenko et al. 1999, paragraph 4.1) . Note that the same vortex model (2.3), in the sense of Batchelor's vortex (Batchelor 1964) or the q-vortex, is commonly used to describe experimental swirl flows (Faler & Leibovich 1978; Escudier 1988; Alekseenko et al. 1999) and in instability studies of swirling flows (see Heaton & Peake 2007 and references therein).
We have analysed the linear stability problem of small displacements from an equilibrium state for a multiplet of N helical vortices embedded in the assigned flow defined by (2.3). The vortex axes in this multiplet are placed on a cylindrical generator of radius R with an angular shift of 2π/N (figure 2). Each vortex is determined by an identical core with dimensionless radius σ = ε/R, dimensionless pitch τ = 2πl/R, and circulation Γ . The stability analysis (Okulov 2004; Okulov & Sørensen 2007) leads to the following stability condition:
The parameters A and C result from the helical form of the vortex multiplet, where t = (1 + τ 2 ) 1/2 , E = 0.577215 . . . is the Euler constant, ζ (3) = 1.20206 . . . is the Riemann zeta function, and the psi function ψ(·) takes values such as ψ(−1/2) = 0.0395 . . . , ψ(−1/3) = 1.6818 . . . , ψ(−2/3) = −1.6320 . . . , ψ(−1/4) = 2.9141 . . . , ψ(−3/4) = −2.8941 . . . .
The coupling between the assigned flow and the flow induced by the vortex multiplet is characterized by the dimensionless parameters γ = Γ 0 /NΓ (the circulation ratio) and δ = R 0 /R (the ratio of the characteristic radial dimensions). In the limit as l → ∞ (whereby the vortices become rectilinear, corresponding to point vortices) and without assigned flow, i.e. γ = 0, the stability condition for helical vortices, (2.4), degenerates to (2.1).
The third term in (2.4) describes the effect of the assigned flow on the stability of the helical multiplets and shows that the vortex configuration in most cases becomes more stable when γ increases. Figure 3 shows the neutral curves corresponding to the stability condition (2.4) for duplets, triplets and quadruplets of helical vortices, plotted as a function of the dimensionless vortex pitch τ and the ratio δ of the characteristic radial dimensions. Different curves correspond to increasing values of the relative circulation parameter: Nγ = 0, 1.2, 12 and 120. The side of a neutral curve with a more intense colour corresponds to a stable flow regime. As seen, the stable flow regimes expand when the strength of the assigned flow increases. Thus, the presence of the assigned flow stabilizes the vortex multiplets. The diagrams constitute an important diagnostics tool for detecting systematically vortex multiplets.
Experimental set-up
Taking the stability analysis into account, we have attempted to detect stable multiple helix modes of vortex breakdown in two different experimental set-ups consisting of a swirling flow in a closed cylindrical cavity with a rotating lid, where a central concentrated vortex structure is superposed on a strong vortex flow (see the sketch and photos in figure 1) . The experiments were carried out as a collaboration between the Technical University of Denmark (DTU) and RAS Institute of Thermophysics (IT) in Novosibirsk. The experiments at DTU were carried out in a cylindrical Plexiglas container with an inner diameter of 288 mm. The whole cylindrical container is placed inside a rectangular box of dimensions 700 mm × 700 mm × 800 mm that is made of glass and filled with tap water, in order to minimize optical aberrations and thermal changes. An 80 % glycerin-water mixture was used as working fluid. The top lid is connected to two stepping motors that allow the lid to be rotated continuously and lifted automatically in order to vary the height of the flow domain. The experiments at IT were carried out in a cylindrical container of quartz glass, with an inner diameter of 56 mm, which was filled with tap water. The top lid is rotated by a stepping motor. In both investigations, the aspect ratio H/R D is varied in the range from 1.0 to 6.0 with steps of 0.1 and Reynolds numbers ranged from 2000 to 3500 with a step of 100. The two experimental set-ups are shown in figure 1. The accuracy of both set-ups is estimated as follows: the error in the definition of the aspect ratio is less than 0.15 %; the variation in angular velocity during a revolution is less than 0.05 %; and the total error of Re does not exceed ±10 in a range of Reynolds numbers from 2000 to 5000. 
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Results
Most studies of the flow in a rotating cavity have been carried out for aspect ratios in the range 1 H/R D 3.5. In our laboratories a series of experiments (Naumov et al. 2003; Okulov, Sørensen & Varlamova 2004; Sørensen et al. 2006) have been performed aimed at verifying experimental techniques by comparison with flow visualizations. For aspect ratio 1 H/R D 3.2 only bubble modes of vortex breakdown with one, two or three steady axisymmetric recirculating zones appeared on the cylinder axis. On increasing further the aspect ratio from 3.3 to 6.0 the flow is subject to a complicated transition process in which it becomes unsteady and three-dimensional without generating steady-state bubble breakdown. To study in detail the flow behaviour we apply a measurement technique that combines particle image velocimetry (PIV) with laser Doppler anemometry (LDA) (see Naumov et al. 2003; Sørensen et al. 2006) . First, LDA is employed to determine the critical Reynolds numbers at which the basic steady and axisymmetric flow loses its stability. Next, a detailed analysis of the spatial structures in a horizontal cross-section is performed using phase-averaged PIV images. The flow field, which is taken in a horizontal crosssection located one-quarter of a cylinder height from the bottom, is viewed through the transparent flat bottom of the container.
An overview of the obtained results can be seen in figure 4 , which depicts boundaries of critical Reynolds numbers at which vortex breakdown appears. The left-hand part, which shows the critical Reynolds numbers as a function of aspect ratios in the interval from 1.0 to 3.8, is taken from the experiments of Escudier (1984) . The regions referred to as 1, 2 and 3 bubbles denote the different types of bubble behaviour observed by Escudier. For 1 H/R D 3.3 the onset of vortex breakdown is associated with axisymmetric flow behaviour after which the flow first becomes threedimensional at higher Reynolds numbers in the unsteady regime. For H/R D > 3.3, however, our experiments show that transition to vortex breakdown takes place directly from a steady axisymmetric flow state to a full three-dimensional and unsteady flow state. This leaves us with the interesting question about what happens exactly at the critical Reynolds number, i.e. what kind of three-dimensional structure is associated with the transition. Using the aforementioned experimental technique we found that the structures are associated with the appearance of helical multiplets consisting of up to four vortices. This is mapped in figure 4 , where a helical triplet is seen to govern the steady-unsteady transition in the range 3.2 H/R D 4.4, whereas the steady/unsteady transition in the range 4.5 H/R D 5.2 is governed by a helical dipole and in the range 5.3 H/R D 6.0 it is governed by the appearance of a helical quadruplet.
To compare the results to the stability analysis described by Okulov (2004) and Okulov & Sørensen (2007) we analyse the PIV-processed flow field using (2.2)-(2.4). To illustrate this procedure, consider two steady flow fields at two different positions in the parameter range, which are both close to a critical Reynolds number. The first is located in the stable axisymmetric flow regime at H/R D = 2 and Re = 1500 (figure 5). From the centre of the cavity and 0.8 radii outward, where the influence of the wall can be neglected, the measured tangential and axial velocity profiles are compared to velocity profiles determined from (2.3). A good agreement is found between the measured distribution and the analytical one using the parameters R 0 = 0.63R D , Γ 0 = 0.4, w 0 = 0.052, and l = 0.63R D , which describes a swirling jet-flow with a Gaussian vorticity distribution. This illustrates that, in the axisymmetric flow domain, the bulk flow in the inner part of the cylinder is governed by a simple Gaussian vortex. The axisymmetric picture changes markedly when aspect ratio and Reynolds number are increased. Figure 6 shows a comparison at H/R D = 3.5 and Re = 2300 between an experimentally obtained phase-averaged tangential velocity profile and a tangential velocity profile obtained from (2.3) using the values R 0 = 0.45R D , and Γ 0 = 0.24. Here good agreement only exists in the right part of the plot, whereas the left part of the experimental profile deviates markedly from the axisymmetric solution. To determine the structure of the perturbed flow field, we subtract the axisymmetric solution given by (2.3) from a phase-averaged velocity field obtained from 20 phase-averaged PIV-samples using the LDA-PIV diagnostics technique described above. The result of this is shown as the zoomed part in figure 6 . The subtracted profile of the tangential velocity around the vortex core of the multiplets was again compared to the model (2.3) for which a good agreement was found with an effective core size ε = 0.37R 0 , circulation Γ = 0.05Γ 0 (γ = 6.6) and a vortex centre placed at radius R = 0.55R D (δ = 0.8) from the centre of the cavity. The multiple structure of these vortices is demonstrated in figure 7 where plots of the disturbed velocity at three different times reveal the existence of a flow structure with three equidistantly located vortices. The images of the velocity are obtained by statistical averaging of 20 selected PIV-samples and subtracting from this the basic axisymmetric vortex (2.3). As a result these plots show the appearance of a 'triplet symmetry' and demonstrate that the flow instability is associated with a uniform rotation of a vortex triplet embedded in strong assigned axisymmetric flow. Figure 8 shows PIV-determined isolines of axial vorticity for three different flow patterns. The colours of the iso-plot indicate the strength of the vorticity, with the lightest being the strongest. The top plots show vorticity values as they appear directly from phase-averaged PIV images, whereas the bottom vorticity plots are derived by subtracting the assigned axisymmetric flow (2.3). Thus, by subtracting the assigned flow field from phase-averaged PIV samples, the multiple modes become visible. The vorticity plots are clearly seen to reveal cross-sections of multiple vortex cores with triplet, duplet and quadruplet structures. Note that the light colour giving the value of the vorticiy in the vortex cores of the multiplets has the same sign as the assigned vorticity component. It should be mentioned that the observed multiplets kept a stable form during all the observation time. Thus, after transients had died out, the structures persisted for more than 300 disk rotations. It should be noted that the observed vortex multiplets differ from rotating waves, such as those used to analyse stability properties of the cavity flow (Gelfgat, Bar-Yoseph & Solan 2001; Lopez 2006) . The waves exhibit a pronounced multipole structure (dipole, tripole, quadrupole, etc.) with four, six, and eight equidistant vortices with an alternating sign of circulation between adjacent vortices. Such structures, however, represent azimuthal perturbations of the axisymmetric flow field (Sørensen et al. 2006) . The vortex structures observed in the present study are comprised of helical vortices with the same sign of circulation, which corresponds to the structure stipulated by the aforementioned Kelvin problem concerning the equilibrium of a vortex polygon.
To validate further the existence of these new regimes of vortex breakdown, two different flow visualization experiments were carried out. In the first small air bubbles (0.1 mm diameter) were used as tracers to visualize the flow in the set-up located at DTU. As the local circumferential velocity increases at the cavity centre the pressure decreases and, due to cavitation, forms thin air-filled continuous filaments (see figure 9 , top row). From the air bubble visualizations of the helical vortices it is possible to estimate the dimensionless helical pitch τ (Alekseenko et al. 1999) which is found to have the same value of approximately τ = 0.8, independent of the type of multiplet. By using the difference between the measured tangential velocity profiles and the analytical expression (2.3), it is possible to determine circulation ratios γ as well as δ, the ratio between the radius of the assigned flow and the radius of the multiplet. For all the cases in which multiplets were detected these values are found to be in the vicinity of γ ≈ 20/N and δ ≈ 0.8. We computed the associated (τ, δ, γ ) values and plot them as cross-hatched squares in figure 3. As seen from the figure, for all three multiplet configurations, i.e. duplet, triplet and quadruplet, the parameters fall on the curve defining the boundary between stable and unstable states of helical vortex multiplets in strong assigned flows. Thus, the appearance of this vortex structure may be explained by the theory proposed above.
The second visualization was made in IT by using dye, which initially was distributed uniformly on the cavity bottom (see figure 9, bottom row). As seen from the figure, both air and dye particles form helical multiplet structures around the cavity centre. As a further validation, the experiments were carried out using both pure water (IT) and a 70 % glycerin-water mixture (DTU) as working fluids, showing that the structures did not depend on the actual working fluid used in the experiments. Thus, both the combined LDA-PIV measurements and the two visualization techniques confirm the existence of multiple helical modes of vortex breakdown.
It should be noted that we have only detected stable multiplets with up to 4 vortices. We did observe an unsteady core consisting of 5 vortices, but it was associated with a competition between doublet and quadruplet helical modes and therefore unstable.
Conclusion
An experimental study has been carried out to detect helical multiplets of vortex breakdown in a rotating cavity flow. The experiments were carried out employing two different experimental set-ups, one located at Institute of Thermophysics in Novosibirsk and the other located at the Technical University of Denmark. In the measurements both a combined LDA-PIV technique and visualizations were performed. The experimental results revealed the existence of vortex breakdown consisting of stable multiplets with up to four helical vortices. The results were in excellent agreement with stability analysis, demonstrating that three-dimensional vortex breakdown is associated with the creation of helical multiplets.
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